The asymptotic safety conjecture is examined for quantum gravity in four dimensions. Using the renormalisation group, we find evidence for an interacting UV fixed point for polynomial actions up to the 34th power in the Ricci scalar. The extrapolation to infinite polynomial order is given, and the self-consistency of the fixed point is established using a bootstrap test. All details of our analysis are provided. We also clarify further aspects such as stability, convergence, the role of boundary conditions, and a partial degeneracy of eigenvalues. Within this setting we find strong support for the conjecture.
This paper investigates the asymptotic safety conjecture for gravity, and is the continuation of a study initiated in [1] . Asymptotic safety for gravity stipulates that a fully-fledged quantum theory of the metric field may exist fundamentally, provided the short distance fluctuations of the metric field lead to an interacting fixed point [2] . The importance of ultraviolet (UV) fixed points for the definition of quantum field theory has been noted long ago [3, 4] . Many theories are known where the fixed point is non-interacting, a prominent example being asymptotic freedom of QCD [5, 6] . Much less is known about the existence of interacting UV fixed points. A few rigorous results are available in settings where perturbation theory remains intact. In 4D quantum gauge theories, interacting UV fixed points have been found recently in [7] . For gravity, reliable interacting UV fixed points arise close to two dimensions, in the spirit of the epsilon expansion [2, [8] [9] [10] [11] , or with the help of large-N techniques [12] [13] [14] , where N denotes the number of matter fields.
Identifying interacting UV fixed points in a reliable manner faces two key challenges. Firstly, if a theory is asymptotically free, the set of relevant, marginal, and irrelevant invariants is known beforehand. It then suffices to retain the finite set of classically relevant and marginal invariants in the action. Provided a theory is asymptotically safe, residual interactions in the UV modify the power counting of invariants. The set of relevant and marginal invariants is then no longer known beforehand, and it cannot be taken for granted that invariants which are classically irrelevant will remain irrelevant at an interacting fixed point [2] . For gravity, one may then wonder whether high powers of e.g. the Ricci scalar, such as R 256 , may become relevant at an interacting fixed point? The task therefore must consist in identifying a procedure by which a fixed point can be identified, self-consistently, despite of the fact that explicit studies are often confined to a finite number of invariants [1] . Secondly, in four-dimensional gravity, Newton's coupling carries inverse mass dimensions and conventional pertubation theory is not applicable at highest energies. Furthermore, the theory is not offering a natural small expansion parameter, and non-perturbative techniques are required to deal with strong coupling effects.
Interestingly, the lack of a priori information about the set of relevant invariants can be compensated with the help of an auxiliary hypothesis [1] . We will assume that invariants with increasing canonical mass dimension remain increasingly irrelevant at an interacting UV fixed point. The rationale for this relates to the fact that quantum fluctuations would have to overcompensate increasingly large canonical mass dimensions to turn irrelevant invariants into relevant ones [2] . It is then conceivable that an ordering according to the canonical mass dimension remains a good principle even in the interacting quantum theory. The virtue of the auxiliary hypothesis is that it can be falsified, allowing for systematic tests of the asymptotic safety conjecture.
In this paper, we test the asymptotic safety conjecture for quantum gravity in concrete terms. The primary questions we wish to address with this are: Can an interacting UV fixed point be identified self-consistently, and if so, what are its properties? What is the impact of high-order curvature invariants? Is it safe to assume that the canonical mass dimension offers a good guiding principle? We study these topics, examplarily, for gravitational actions which are high-order polynomials in the Ricci scalar. With Newton's coupling, the cosmological constant and the R 2 coupling, these models contain three of the classically relevant and marginal invariants, plus an increasing number of canonically irrelevant invariants. Curvature invariants other than powers of the Ricci scalar are neglected, which is our main approximation. We expect that an interacting UV fixed point, should it exist in the full theory, becomes visible even if only a subset of invariants is taken into account. As such, this paper is an extension of [1] including more background, details, and further insights.
For our explicit computations we adopt a functional version of Wilson's renormalisation group (RG) [15, 16] , which is based on the successive integrating-out of momentum degrees of freedom. A feature of this continuum method is that it can be applied even at strong coupling [17] . Op-timisation techniques are available to maximise the physics content within given approximations, also offering analytical access to the relevant RG flows [18, 19] . Furthermore, a large body of work exists showing that these techniques can be used to access interacting fixed points and strong coupling effects [17, 20] . For gravity, these methods have been made available in [21] , see [22] [23] [24] [25] [26] [27] for reviews. Applications thus far include Einstein-Hilbert, higher-derivative, non-local, and f (R)-type approximations [21, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . To connect with some of the earlier work, we adopt the rationale of [32, [36] [37] [38] . The strength of this setup is that it admits a well-controlled heat kernel expansion in powers of the Ricci scalar. Our main technical novelty here is to provide ways how the expansion and the fixed point search can be performed to very high polynomial order by combining algebraic and numerical methods.
The outline of the paper is as follows. In Sec. II., we recall the renormalisation group, introduce some notation, and specify our approximations. We then analyse the classical and quantum fixed points of our model (Sec. III), provide a systematic algorithm to determine fixed point coordinates algebraically, and determine two remaining free parameters numerically, including error estimates. A stable fixed point is identified for polynomial actions in the Ricci scalar up to some maximum order N = 35. The good convergence permits a large-N extrapolation, the results of which are also given. In Sec. IV we present our results for the scaling exponents, including a discussion of degenerate eigenvalues, the enhanced gap in the eigenvalue spectrum, convergence, and an underlying eight-fold periodicity pattern. We also analyse the impact of the boundary condition on the fixed point search, finding that the convergence is improved through suitable choices (Sec. V). In Sec. VI, we review the bootstrap hypothesis for asymptotic safety, and explain how it is realised in the data. A brief discussion of the near-Gaussianity of subleading eigenvalues is given in Sec. VII, followed by our conclusions (Sec. VIII). An appendix provides more details of the explicit RG equations.
II. GRAVITATIONAL RENORMALISATION GROUP
In this section, we introduce our set-up and detail the relevant RG equations. We adopt the framework of the functional renormalisation group for gravity, which is based on a Wilsonian momentum cutoff to successively integrate-out momentum modes. We begin with euclidean gravitational actions which are functions of the Ricci scalar R,
where R = R(g µν ) denotes the Ricci scalar and g µν the metric field. Actions which are generic functions of the curvature scalar are of interest for cosmological model building and dark energy, see [44] . Classically, they can be re-written as standard Einstein-Hilbert gravity coupled to a scalar field with a potential determined through the function F . Expanding the action polynomially, we recover the Einstein-Hilbert action
up to higher order corrections in the Ricci scalar. Here, Λ denotes the cosmological constant, G = 6.67 × 10 11 m 3 /(kg s 2 ) Newton's constant, and Λ/(8π G) the vacuum energy. In general, the action (2.1) need not to be polynomial in the curvature scalar.
We are specifically interested in the quantum theory associated to a polynomial action in the Ricci scalar in view of the asymptotic safety conjecture for gravity. Provided the theory develops a non-trivial UV fixed point, it may become a candidate for a fundamental quantum theory of the metric field [2] . As soon as quantum fluctuations are taken into account, the couplings turn into running couplings Λ → Λ k , G → G k and F → F k , whereby the classical action (2.1) becomes a quantum effective action Γ k to evolve with the RG momentum scale k at which the theory is probed. A particularly useful continuum method to describe the change of the gravitational effective action with RG momentum scale is given by Wilson's renormalisation group. It is based on a coarsegrained version of the path integral where the propagation of fluctuations with momenta smaller than the RG scale k are suppressed. In its modern form, the dependence of the effective action on the RG scale is given by an exact functional identity [15] 
and t = ln(k/k 0 ) where k 0 is some arbitrary reference scale which does not enter into any of the later results. Here, the (super)trace stands for a sum over modes and fields including appropriate minus signs for fermions and ghosts. The regulator function R k can be chosen at will, though within a few constraints to ensure that the RG flow interpolates between the microscopic theory in the UV and the full quantum effective theory in the IR. We exploit this freedom to obtain explicit analytical RG flows for all couplings [32] adopting the ideas of [18, 19] . Functional flows (2.3) for actions (2.1) have been derived in [36] [37] [38] , and in [40] based on the on-shell action, also using [19, 32] . Diffeomorphism symmetry is controlled with the help of the background field method [21, 45] which splits the metric g µν =ḡ µν +h µν into a classical background g µν and a quantum part h µν . For F (R) theories it is sufficient to choose the background metric to be that of a maximally symmetric four-sphere to obtain a closed flow equation. This is achieved by expanding Γ k to quadratic order in the fluctuation h µν around the four sphere, taking the second variation to obtain Γ (2) k and then setting g µν =ḡ µν . To facilitate consistency checks and a comparison with earlier findings we have adopted the approach put forward in [36, 37] with the same choice of gauge-fixing
where χ ν =∇ µ h µν − 1 4∇ ν h µ µ which leads to a ghost part of the action for the ghost field C µ
In this computation we will use the Landau-De Witt gauge α → 0, which simplifies the flow equation. It has been shown [46] that this value of α is a fixed point value for the running gauge parameter. In order to evaluate the trace via heat kernel techniques we need to have the second variation organised in terms of the laplacian operator ∇ 2 on the four sphere 1 . For this reason we decompose the quantum fluctuations, according to the transverse-traceless decomposition [47] which was first used for RG computations in [28] 
Here h = g µν h µν is the trace of the fluctuation, h T µν denotes the transverse-traceless part of h µν , ξ µ is a transverse vector that together with the scalar σ makes up the longitudinal-traceless part of h µν according to (2.6) . These fields obey the differential constraints:
The advantage of this decomposition, along with the gauge choice α → 0, is that the RG flow (2.3) simplifies considerably, splitting into a sum of several traces. Those over h T µν and h are independent of the gauge parameter and come only from F k (R). In the traces containing contributions from ξ and σ, the gauge fixing term dominates since these traces become independent of F k (R).
Similarly, for the ghost fields we adopt their decomposition into transverse and longitudinal parts according to 8) where c T µ andc T µ are transverse vectors and c andc are scalars. They obey the differential constraints:
Since this decomposition involves a change of variables, it induces Jacobians for the transformation which appear as determinants of the operators
originating from the vector, scalar and ghost fields, respectively. These can be properly taken into account by exponentiating the determinants with the introduction of some auxiliary field variables. The contributions resulting from the ξ and σ components together with the contributions from ghost fields and Jacobians simplify significantly. The Wilsonian momentum cutoff function R k in (2.3) is chosen according to the prescription that for each individual component of the inverse propagator Γ (2) k we perform the substitution −∇ 2 → −∇ 2 + R k (−∇ 2 ) to obtain Γ (2) k + R k , where R k is the scalar cutoff function. For our computation we use the optimised cutoff [18, 19, 32] given by
RG flows with (2.11) are known to have good stability and convergence properties [20, 32, 33, [48] [49] [50] [51] . Equally important, the choice (2.11) also allows for analytical RG equations [32] , which is central for our work. For fixed point studies, it is convenient to introduce dimensionless couplings. The dimensionless Newton coupling g and dimensionless cosmological constant λ are defined as
We also find it convenient to introduce a dimensionless Ricci scalar. From now on, for notational simplicity and unless stated otherwise, we denote it again as R meaning thatR = R k 2 instead refers to the dimensionful Ricci scalar. We then also introduce the dimensionless function f (R) as
where it is understood that f is still a function of k. The factor 1/(16π) is purely conventional and has been adopted to ensure that the dimensionless Newton coupling is related to f as g = −1/f (R = 0) without further numerical factors, see (2.12) . In general, the functional RG flow for (2.13) takes the form
14)
The terms on the LHS account for the canonical running of couplings, and those on the RHS originate from quantum fluctuations. In our case, the function I[f ] (given in appendix A) has homogeneity degree zero in f with I[a f ] = I[f ] for any a = 0. Furthermore, the terms on the RHS also involve the flow of higher order derivatives of f up to the second order,
This structure comes about due to background field dependences introduced via the Wilsonian regularisation [50, 52] , and also appears in (generalized) proper-time RG flows [53] . Additional flow terms on the RHS are expected to enhance the stability of the RG flow, as they correspond to effective resummations [52] . The functions I n depend explicitly on f and its first three derivatives, and on R. Explicit expressions are given in the appendix A. Below, we exploit the RG flow (2.14) as a generating function for the RG flows for all polynomial couplings of the theory.
III. FIXED POINTS
In this section, we discuss classical and quantum fixed points, detail our numerical methods, and summarize results for a non-trivial ultraviolet fixed point.
A. Classical fixed points
As a warm-up we first discuss the 'classical' fixed points of our theory, as these may be achieved as asymptotic limits of the quantum theory. In the absence of fluctuations the RG flow (2.14) becomes
It states that all (dimensionful) couplings in the classical theory are independent of the energy scale. The linearity of the flow in f implies the existence of a Gaussian fixed point f * ≡ 0 . From the flow for the inverse
we also conclude the existence of an 'infinite' Gaussian fixed point [54] associated to the asymptotic vanishing of
More specifically, the RG flow (3.1) has the general solution
for arbitrary function H(x) which is determined by the boundary conditions at t = 0. Fixed points correspond to t-independent solutions to (3.4). A trivially t-independent solution is achieved via the boundary condition H(x) = const. It leads to a line of fixed points corresponding to R 2 -theories of gravity,
parametrized by the free parameter λ 2 , which has the role of a marginal coupling due to the vanishing canonical mass dimension of the R 2 coupling in four space-time dimensions. As such (3.5) is both an UV and IR fixed point. The Gaussian and infinite Gaussian fixed points arise from (3.4) in asymptotic UV and IR limits where t → ±∞. The discussion of these cases is simplified due to the linearity of (3.1) and (3.2), and we can limit ourselves to the scaling analysis for monomials in the Ricci scalar f ∼ λ n R n (no sum). The result (3.4) then states that the couplings scale canonically with Gaussian eigenvalues ϑ G ,
Consequently, the dimensionless vacuum energy term (n = 0) and the dimensionless Ricci coupling (n = 1) are relevant operators, and their dimensionless couplings diverge towards the IR, leading to the infinite Gaussian fixed point (3.3). Using (2.13), we can relate the IR diverging couplings λ 0 and λ 1 to the dimensionless Newton coupling and cosmological constant to find g ≡ −1/λ 1 and λ ≡ −(λ 0 )/(2λ 1 ), which translates into
We conclude that general relativity with positive (negative) vacuum energy corresponds to the IR fixed point (3.7), provided that λ is positive (negative). Furthermore, this fixed point is IR attractive in both couplings. The theory also displays an IR fixed point corresponding to a vanishing vacuum energy,
This fixed point is IR attractive in g and IR repulsive in λ, in contrast to (3.7). Classically, it can only be achieved by fine-tuning the vacuum energy to zero through the boundary condition. This analysis can straightforwardly be extended to higher order monomials including non-local ones, such as inverse powers in the Ricci scalar. According to (3.6) , for all couplings with n > 2 (n < 2) the Gaussian fixed point λ n → 0 is IR attractive (repulsive) and therefore approached in the IR limit (UV limit), whereas the infinite Gaussian fixed point 1/λ n → 0 is IR repulsive (attractive) and therefore approached in the UV limit (IR limit). Next we discuss in which limits the classical fixed points may arise out of the full RG flow (2.14). To that end, we divide (2.14) by f , finding
Note that the LHS of (3.9) and I[f ] both have homogeneity degree zero in f . Furthermore, the fluctuation-induced term I[f ] is generically non-zero also in the limit of vanishing f . However, the classical limit requires the vanishing of the RHS which, therefore, is parametrically achieved as
We thus conclude that the classical limit (3.10) arises from the full RG flow (2.14) through the infinite Gaussian fixed point (3.3) . This specifically includes the IR fixed point for the couplings λ 0 and/or λ 1 which entail classical general relativity in the deep IR with a vanishing or non-vanishing vacuum energy, see (3.7), (3.8) . It also includes the possibility for a classical limit arising through (3.5) for asymptotically large-fields 1/R → 0, leading to an R 2 -type theory. These results are straightforwardly extended to dimensions different from d = 4.
B. Strategy for quantum fixed points
Next we turn to the fluctuation-induced fixed points of the theory, which arise through the non-vanishing RHS of (2.14) . Provided that the RG flow (2.13) has a non-trivial fixed point where ∂ t f * ≡ 0, its location is determined by the function I 0 ,
see (2.15) , and (A3) for an explicit expression. A non-trivial UV fixed point is a candidate for an asymptotically safe short distance theory of gravity. An analytical solution for the third-order non-linear differential equation (3.11) is presently not at hand, and we have to content ourselves with approximate ones. To that end we adopt two complementary methods which have been tested successfully in critical scalar theories. Firstly, we assume that the fixed point solution is polynomially expandable to high order, at least for small curvature scalar. If so, the fixed point condition provides equations for the polynomial couplings, which can be solved algebraically for all but a few couplings [50] . Its solution constitutes a formally exact solution to (3.11) up to the highest order of the polynomial approximation, and within the radius of convergence of the expansion. The remaining free parameters must then be determined by other means, for example by imposing boundary conditions for the highest couplings. This corresponds to a bootstrap. The strength of this procedure is its algebraic exactness, leading to a maniable set of equations which can be extended systematically to higher orders. Furthermore, the expansion is best in the regime where the reliability of the heat kernel techniques used in the derivation of the flow are best. Finally, fixed points and universal exponents can reliably be deduced within a polynomial approximation [50, 55] . On the other hand, the weakness of our method is that a closure of the procedure requires certain assumptions about the highest couplings. The stability of a solution together with the boundary condition then needs to be tested with increasing polynomial order. Also, polynomial approximations are limited to a finite region in field space due to a finite radius of convergence.
Extending polynomial fixed point solutions beyond this limit requires extra work. Here, we use direct numerical integration techniques to find the fixed point solution of (3.11), without primarily relying on a polynomial approximation [50, 56, 57] . The strength of this strategy is that it makes no assumptions as to the functional form of its solution, polynomial or otherwise. In turn, the weakness of this procedure is that a numerical integration requires high-accuracy initial data, eg. the derivatives of f at vanishing curvature scalar. Also, the accuracy in the result is limited by that of the integration algorithm. Furthermore, identifying the fixed point for all fields may be hampered by technical artefacts for intermediate or large curvature scalar [41] . Below, we combine both of these methods to test the reliability in our results.
C. Algebraic fixed points
We now discuss the algebraic procedure leading to closed expressions for the fixed point coordinates [50] . Our strategy is independent of the actual RG flow and can be adopted for other forms of the equation as well. We begin with a polynomial expansion of (3.11) about vanishing curvature scalar,
Inserting (3.12) into (3.11) leads to algebraic equations amongst all couplings. Specifically, the β-functions for all couplings follow from inserting (3.12) into (2.14),
The fixed point conditions β n = 0 can then be solved algebraically, order by order, starting at n = 0. Evidently, these solutions are also solutions to (3.11) . Note that the differential equation (2.14) with (2.15) serves as a generating function for the β-functions of all polynomial couplings of the theory. Solving β n = 0 starting with n = 0 only constitutes definite equations for all but a finite set of couplings. The reason for this is that the RG flow for a coupling λ n depends on the couplings up to λ n+2 . Therefore solving β n provides us with an expression for λ n+2 , and λ 0 and λ 1 remain unspecified to any order. Hence, solving β n−2 = 0 allows us to express λ n for all n ≥ 2 in terms of lower order couplings,
In a second step, these expressions for the couplings are further reduced, recursively, to functions of the two unspecified couplings λ 0 and λ 1 only. This procedure provides us with an exact twoparameter family of fixed point candidates
where n ≥ 2. For example, the coupling λ 2 is given by
Similar, though increasingly more complex expressions are found for the higher order couplings. Given the algebraic expressions (3.15), it remains to identify the correct values for the remaining couplings λ 0 and λ 1 , which are not determined by the algebraic procedure. To that end, we adopt the following strategy: we assume that a finite order approximation of (3.12) retaining the first N couplings is a valid approximation. This implies that the couplings λ N and λ N +1 no longer appear on the level of the action. We therefore may impose an auxiliary condition for the (unspecifed) higher-order couplings λ N and λ N +1 . Most of the times, we are adopting free boundary conditions,
This boundary condition assumes that the couplings and the corresponding invariants are absent throughout, and that the recursive fixed point solution (3.15) should reflect this. This strategy has been tested previously for critical scalar theories. In practice, (3.17) must be seen as an additional input into the search strategy, and its applicability needs to be confirmed a posteriori. We defer a detailed discussion of more general boundary conditions, and the stability of fixed point solutions, to Sec. V. At order N in the approximation, each of the conditions (3.17) with (3.15) leads to a constraint in the (λ 0 , λ 1 ) plane. Since the higher-order couplings are algebraic functions of (λ 0 , λ 1 ), the boundary conditions (3.17) lead to a high-order polynomial equation in λ 0 (or λ 1 ). In principle, these may have many roots in the complex plane. It then remains to identify those roots
which are real, and numerically stable under extended approximations with increasing order N . If so, the fixed point qualifies as a candidate for a fundamental fixed point of the theory. Polynomial expansions are not bound to the form (3.12) and can equally be performed about non-vanishing dimensionless Ricci scalar,
where R 0 = 0 is the expansion point. One finds that all higher order couplings λ n ≡ n! f (n) (R 0 ) for n > 2 can be expressed as rational functions in terms of three independent couplings λ 0 , λ 1 and λ 2 , except for a few exceptional points in field space where the recursive solution reduces to two independent couplings. Generically, three additional conditions are required to uniquely identify the fixed point. We have confirmed that this method works, but it is often more demanding than (3.12) to which we stick for most of our analysis. 
D. Identifying critical couplings
Following our strategy, in a first step we have obtained explicit algebraic expressions for the couplings (3.15) as functions of two free parameters λ 0 and λ 1 to high order with the help of two independent codes using Mathematica(TM) and C++ software. In a second step, we then need to find the coordinates of ultraviolet fixed point(s) up to some maximal order in the polynomial expansion, N = N max by identifying the stable roots (3.18) for each and every order in the approximation, under the auxiliary condition (3.17). Specifically, we have used the following strategy. The algebraic expressions (3.15) are rational functions of λ 0 and λ 1 , and we write them as ratios of polynomials P n (λ 0 , λ 1 ) and Q n (λ 0 , λ 1 ),
The order of these polynomials grows rapidly with n. For n = 2, P 2 is a cubic in λ 0 and quadratic in λ 1 , see (3.16) , whereas for n = 35, the polynom P 35 is of degree 264 in λ 0 and of degree 167 in λ 1 , containing in total about 45 000 distinct terms. To identify stable roots at order N from the . The left panel also shows an example where the nullclines P 8 = 0 = P 9 have a joined zero with the nullcline Q 9 = 0 (no fixed point). Comparing with Fig. 1 we note that the density of fixed point candidates increases with increasing N .
boundary condition (3.17), we analyse the solutions of
Solutions to each of (3.21) provide us with curves in the (λ 0 , λ 1 ) plane. We refer to theses as 'nullclines'. Joint zeros are the points where the nullclines (3.21) intersect. These provide a pair of values (3.18) , and thus fixed point candidates. For consistency, we also check the nullclines of the denominators
If (3.21) and (3.22) have identical solutions, more work is needed to decide whether this is a fixed point candidate or not. We require that (3.22) does not hold for solutions to (3.21) . We then analyse all fixed point candidates one-by-one, focussing on the regime in parameter space close to where fixed points have been found at lower orders. In principle, the high order of the polynomials P n may result in a large number of potential fixed point candidates in the complex plane. In practice, we only find a small number of real solutions at any order, and a unique one which consistently persists from order to order. Our guiding principle for the identification of a fixed point are as follows. We require
• consistency condition I : fixed point coordinates at expansion order N should not differ drastically from those at order N − 1 . If we find several fixed point candidates, we also compute their universal eigenvalues to differentiate between them. As secondary criterion, we require that
• consistency condition II : universal eigenvalues at expansion order N should not differ drastically from those at order N − 1 .
We find that this procedure converges well. It is illustrated in Fig. 1 for the example of N = 16. Here, dashed (full) lines correspond to the nullclines of P 16 (P 17 ), and the thick black line corresponds to the nullcline of Q 16 . In the selected patch of parameter space we find four fixed point candidates. After detailed inspection, we conclude that the lower-left fixed point is the relevant one (full dot), linked to the fixed point found at lower orders. The other fixed point candidates (open dots) are viewed as 'spurious'.
We briefly comment on additional fixed point candidates besides the main one, illustrated in Fig. 2 for approximation order N = 8 and N = 24. In the search of fixed points and starting at order N = 9 we encounter spurious fixed points. With 'spurious' we refer to fixed points which either only appear in a few selected orders in the expansion and then disappear, or whose coordinates or universal properties change drastically from order to order, such as a change in the number of negative eigenvalues. The arrow in Fig. 2 (left panel) shows an example where the nullclines Q 8 , P 8 and P 9 have a joint simple zero, implying that the joint zero of the nullclines P 8 = 0 and P 9 = 0 does not correspond to a fixed point. Furthermore, with increasing N , the number of fixed point candidates increases, see Fig. 2 (right panel). We conclude that the spurious UV fixed points are artefacts of the polynomial expansion and we do not proceed their investigation any further. The physically relevant fixed point appears as an 'accumulation point', surrounded by a slowly increasing number of spurious fixed point candidates. This pattern is similar to the one observed in simpler models at criticality, eg. O(N )-symmetric scalar field theories. Four consecutive couplings λ 3+4i − λ 6+4i come out negative (positive) for odd (even) integer i ≥ 0. Periodicity patterns such as this one often arise due to convergence-limiting singularities of the fixed point solution f * (R) in the complexified R-plane, away from the real axis. This is well-known from scalar theories at criticality where 2n-fold periodicities are encountered regularly [50, 58] . Fig. 3 shows the convergence of all couplings with increasing N . Broadly speaking, we note that couplings converge well after a period of stronger fluctuations initially, in particular for a few higher order couplings, but much less so for the lower order ones. We exploit the periodicity pattern to estimate the asymptotic values of couplings λ n (N → ∞) from an average over an entire cycle based on the eight highest order values in the approximation between N max − 7 and N max , 26) where X(N ) stands for the N th order approximation for the quantity X. Fig. 4 shows the first six fixed point couplings as a function of the order N in the expansion, normalised to their asymptotic value (3.26). The first two couplings λ 0 and λ 1 converge rapidly towards their asymptotic values, and settle on the percent level starting from N ≈ 10. As expected, the convergence is slower for the higher order couplings. An interesting exception is the R 2 coupling λ 2 , which only just starts settling within 5% of its asymptotic value at the order N ≈ 24 of the expansion, and hence much later than some of the subleading couplings. Furthermore, its value even becomes negative once, at order N = 8, see Tab. I. The origin for this behaviour, we believe, is that the R 2 coupling is the sole marginal operator in the set-up, whereas all other operators have a non-trivial canonical dimension. On the level of the RG β-function a non-vanishing canonical mass dimension leads to a term linear in the coupling, which helps stabilizing the fixed point and the convergence of the coupled system. Therefore, to establish the existence of the fixed point in f (R) quantum gravity and its stability, it becomes mandatory to extend the expansion to high orders, N 8. Interestingly, the higher order couplings λ 3 and λ 4 converge more rapidly than λ 2 and settle within 5% of their asymptotic value starting at N ≈ 12 and 16, respectively. This also hints at the special 
Figure 4: Zoom into the convergence of the first six polynomial fixed point couplings λ n with increasing order of the expansion N , (3.12). The couplings fluctuate about the asymptotic value λ n (3.26), (3.27) with a decreasing amplitude and an approximate eight-fold periodicity. Note that the convergence of the R 2 -coupling is slower than some of the higher-order couplings. The shift term n 3 has been added for better display.
role played by the R 2 interaction. Notice also that the convergence behaviour in each coupling reflects the underlying eight-fold periodicity pattern. 
F. Infinite-N limit
We can use our findings and (3.26) to obtain an estimate for the value of polynomial couplings in the N → ∞ limit. Specifically, for the fixed point coordinates, we find the infinite-N estimates λ 0 = 0.25574 ± 0.015% λ 1 = −1.02747 ± 0.026% λ 2 = 0.01557 ± 0.9% λ 3 = −0.4454 ± 0.70% λ 4 = −0.3668 ± 0.51% λ 5 = −0.2342 ± 2.5% (3.27) for the first six couplings. Clearly, the couplings λ 0 and λ 1 show excellent convergence with an estimated error due to the polynomial approximation of the order of 10 −3 − 10 −4 . The accuracy in the couplings λ 2 , λ 3 and λ 4 is below the percent level and fully acceptable for the present study. The coupling λ 5 is the first one whose accuracy level of a few percent exceeds the one set by λ 2 . Notice also that the mean value over all data differs mildly from the mean over the last cycle of eight, further supporting the stability of the result. On the other hand, had we included all data points in the error estimate, the standard deviation, in particular for λ 2 and λ 5 , would grow large due to the poor fixed point values at low orders.
The results (3.27) translate straightforwardly into fixed point values for the dimensionless Newton coupling and the cosmological constant,
Note that because λ is given by the ratio of λ 0 and λ 1 its statistical error is essentially given by the sum of theirs.
In Fig. 5 we estimate the rate of convergence for the couplings with increasing order in the expansion. To that end we compute the number of relevant digits D n (N ) in the coupling λ n achieved at order N in the approximation, using the definition [50, 57] 10
We could have used λ n rather than λ n (N max ) in (3.29) to estimate the asymptotic value. Quantitatively, this makes only a small difference. The estimate for the growth rate of (3.29) is insensitive to this choice.
In Fig. 5 we display the number of stable digits (3.29) for the first three couplings. Once more the eight-fold periodicity in the convergence pattern is clearly visible. The result also confirms that the precision in the leading fixed point couplings λ 0 and λ 1 is about 10 −3 to 10 −4 at the highest order in the expansion, in agreement with (3.27) . The average slope ranges between 0.04 − 0.06, meaning that the accuracy in the fixed point couplings increases steadily by roughly one decimal place for N → N + 20.
From the results for the fixed points, we can conclude a posteriori that the boundary condition (3.17) adopted for the fixed point search is viable, as it has provided us with results stable under extension to higher order. Presumably this is linked to the relative smallness of couplings at the fixed point, all of which are of order one or smaller. We come back to this aspect in Sec. V.
G. Scale-invariant products of couplings
Fixed point couplings are non-universal. Still, some universal quantities of interest are given by specific products of couplings which remain invariant under global re-scalings of the metric field
Under (3.30), the couplings scale as
The classically marginal coupling λ 2 remains invariant under the rescaling (3.30). All other couplings scale non-trivially. Consequently, various products of couplings can be formed which stay invariant under (3.30) . Such invariants may serve as a measure for the relative strength of the gravitational interactions [10] . For couplings including up to λ 4 R 4 , and also using (3.26), we may construct six independent invariants with values 32) and similarly to higher order. Note that the error, a standard deviation, is of the same order of magnitude as the error for the first few critical exponents. Amongst these invariants, an important one is the product of fixed point couplings g * · λ * ≡ λ 0 /(2λ 2 1 ), given in the first line of (3.32). When expressed in terms of the more conventional couplings g * and λ * , we find the universal product
with an accuracy which is an order of magnitude better than the one in the scaling exponents. The numerical value can be interpreted as a measure for the strength of gravitational couplings [10] , inasmuch as (3.33) remains unchanged under rescalings (3.30), unlike the fixed point values (3.28) themselves. Furthermore, we also find that
within the same accuracy as (3.33), see also (3.28) . Similar results are found for (3.32) . This supports the view that the cycle-averaged values have become independent of the underlying polynomial approximation.
IV. SCALING EXPONENTS
In this section, we address universal aspects of our results as well as the stability of the search strategy.
A. Eigenperturbations and stability matrix
In critical phenomena, fixed point coordinates are often non-universal and not measurable in any experiment. Instead, the scaling of couplings in the vicinity of a fixed point are universal. To linear order, small perturbations δ f from the fixed point function f evolve according to
where higher order terms in |δf | 1 have been supressed. Here, E 2 (E 3 ) are second (third) order differential operators in the dimensionless Ricci scalar R. Their explicit expressions are given in (A24) and (A25). Eigenperturbations with eigenvalue ϑ obey ∂ t δf ϑ = ϑ · δf ϑ . Then (4.1) can be used to determine the set of well-defined (finite, no poles) eigenperturbations as well as the set of eigenvalues ϑ. The sign of eigenvalues control whether eigenperturbations are relevant, marginal, or irrelevant. Notice that the fixed point solution f is an integral part of (4.1).
The structure of the non-linear eigenvalue problem as given by (4.1) is reminiscent of the wellknown Wilson-Fisher fixed point in lower-dimensional statistical field theory. There, powerful methods have been established to reliably deduce the eigenvalues from (4.1). In the polynomial approximation adopted here, the running of small deviations from the fixed point (4.1) can be written in terms of small deviations from the fixed point in a polynomial coordinate basis for the function f , leading to
where the subleading terms are higher order in δλ = λ − λ * . The universal exponents then follow as the eigenvalues of the stability matrix,
which is, to order N in the approximation, a square, real, and in general non-symmetric N × N matrix, and β i ≡ ∂ t λ i . The computation of the stability matrix (4.3) and its eigenvalues is more involved than finding the fixed points, because additional flow terms proportional to I 1 and I 2 in Table I : The fixed point values for the dimensionless Newton coupling g * , the dimensionless cosmological constant λ * , the R 2 coupling λ 2 , the universal product λ · g, and the first four exponents to various orders in the expansion, including their mean values and standard deviations.
(2.15) have to be taken into account as well, see (A4) and (A5) for explicit expressions. This is mirrored in (4.1) due to the presence of the differential operator E 2 on the LHS. Using (2.14) and (3.12), the β-functions can be expressed as where both U i and the matrix V ij are explicit functions of all couplings λ n . One then finds the fully resolved β-functions as
where we have suppressed indices, and I denotes the identity matrix. With increasing approximation order N , inverting the non-numerical matrix (I − V ) to find the functions β i , and to then compute (4.3), becomes algebraically very demanding. Therefore, we adopt a different path and use (4.4) to compute the stability matrix (4.3) directly at the fixed point. We find Here, the matrix (∂U /∂λ) ij stands for ∂U i /∂λ j . At the fixed point, the numerical matrix (I − V )| * can be inverted reliably using standard methods. More generally, this technique is useful whenever the RHS of the flow contains terms proportional to the flow itself.
We have computed (4.6) and its sets of eigenvalues {ϑ n } for all N up to N max = 35. Our results are summarised in Figs. 6, 7, 8 and Tab. I. We also confirm earlier findings up to order N = 8, which have been obtained by first resolving (4.4) for β i , and then computing (4.3). A discussion of the large-order behaviour of eigenvalues is deferred to Sec. VI.
B. Eigenvalues and scaling exponents
We now discuss our results for the eigenvalues in more detail. While some of them may come out as complex conjugate pairs, it is the real part of eigenvalues which decides whether the corresponding eigenperturbation is relevant, marginal, or irrelevant. Therefore at each approximation order N , we order the corresponding set of eigenvalues {ϑ n } according to the size of their real parts,
We can then write these eigenvalues, for each N , into the rows of a matrix T with elements
This is a N max × (N max − 1) matrix, with n ranging from n = 0 to n = N max − 1, and N ranging from N = 2 to N = N max . T is not a square matrix because the lowest approximation order is N = 2 rather than N = 1. If n > N − 1, we have that T N n = ϑ n (N ) = 0. This makes the eigenvalue matrix T in (4.8) a lower triangular matrix. The rows, columns, and diagonals of the eigenvalue matrix (4.8) encode information about the convergence and stability of the polynomial approximation. By construction, each row T N of the matrix of eigenvalues (4.8) displays the N universal eigenvalues at order N , sorted by magnitude of their real parts (4.7),
The approximation order N has N eigenvalues, and hence the N th row generically has N non-zero entries. Each column C n of (4.8) (n fixed) shows how the n th largest eigenvalue depends on the approximation order N ,
Each column C n has N max − n non-vanishing entries. Finally, we will also be interested in the diagonals of (4.8),
Each diagonal D i shows the set of i th largest eigenvalue at approximation order from N = N max down to N = i + δ 1,i , and has N max + 1 − i − δ 1,i entries. The significance of the diagonals (4.11) will be discussed in Sect. VI in more detail.
In Fig. 6 , we display the real parts of all eigenvalues (4.9) for all approximation orders N ≤ N max , corresponding to the columns (4.10) of the eigenvalue matrix (4.8). Each line connects the n th largest eigenvalue from each of the sets (4.9), corresponding to the columns of (4.8). If the eigenvalue is a complex conjugate pair, it corresponds to a single point in Fig. 6 . We note that the scaling exponents also show an eight-fold periodicity pattern in their convergence.
Sometimes it is customary to discuss universality in terms of the critical scaling exponents θ n , to which the eigenvalues ϑ n relate as
The results for the first few exponents (4.12) are displayed in Fig. 7 (see Tab. I for numerical values). The leading exponents are a complex conjugate pair θ 0 = (θ 1 ) * , and we write it as
Only the first three exponents θ 0 , θ 1 and θ 2 have a positive real part, whereas all other have a negative real part. From Fig. 7 we notice that the exponents oscillate about their asymptotic values with an eight-fold periodicity and a decreasing amplitude. We estimate their asymptotic values from an average over an entire period (3.26), leading to the exponents θ = 2.51 ± 1.2% θ = 2.41 ± 1.1% θ 2 = 1.61 ± 1.3% θ 3 = −3.97 ± 0.6% .
(4.14)
Here, the accuracy in the result has reached the percent level for the first two real and the first pair of complex conjugate eigenvalues. The error estimate (4.14) allows us to conclude that the ultraviolet fixed point has three relevant directions. The asymptotic estimates θ , θ and θ 3 depend only mildly on whether the average is taken over all approximations, or only the highest ones, see Tab. I. An exception to this is the exponent θ 2 . The slow convergence of the fixed point coupling λ 2 has led to a very large eigenvalue at approximation order N = 3. Although the eigenvalue rapidly decreases by a factor of nearly 20 with increasing N , its presence is responsible for the overall mean value to deviate by 40% from θ 2 , (4.14), see Tab. I. We therefore conclude that the large eigenvalue θ 2 (N = 3) is unreliable and an artefact of the approximation N = 3. We come back to this aspect in Sec. V.
C. Gap in the eigenvalue spectrum
At the Gaussian fixed point, the eigenvalue spectrum is equidistant, with θ G,n = 4 − 2n for n ≥ 0, see (3.6) . Consequently, the model has two relevant and one marginal coupling. The least relevant eigenvalue, θ G,2 , is marginal. We denote the distance between the least relevant and the least irrelevant eigenvalue as the 'gap' ∆ in the eigenvalue spectrum. The gap in the spectrum is an observable, and its value is interesting in that it captures information about quantum corrections to the borderline between relevancy and marginality or irrelevancy of eigenoperators. Classically, the gap reads ∆ G ≡ θ G,2 − θ G,3 , meaning
(4.15)
At the interacting fixed point detected here, the eigenvalues θ 2 and θ 3 continue to mark the divide between relevant and irrelevant couplings in the UV. The smallest relevant eigenvalue θ 2 = 1.61 is much larger and thus more relevant than the classically marginal eigenvalue θ G,2 = 0. At the same time the most relevant of the irrelevant eigenvalues, θ 3 = −3.97, is less relevant than the perturbative estimate θ G,3 = −2. In consequence, we find that the gap ∆ = θ 3 − θ 2 between the smallest relevant (in absolute size) and the smallest irrelvant eigenvalues widens due to asymptotically safe interactions,
This is much larger than the gap at the Gaussian fixed point, ∆ UV > ∆ G . The enhancement of the gap should be seen as a consequence of the quantum dynamics. Numerically, the result is stable from order to order in the approximation.
D. Convergence and periodicity
Both the fixed point coordinates and the universal eigenvalues display an eight-fold periodicity pattern in their convergence pattern. This becomes transparent in Fig. 8 which displays our results for the eigenvalues (real part if complex). To simplify the order-by-order comparison, in each of the eight sub-plots we compare four eigenvalue sets T N , whose approximation orders differ by multiples of the periodicity ∆N = 8. Thereby we cover results from all data sets T N between N = 4 and N = 35. We note that two neighboring points in Fig. 8 with the same magnitude indicate a complex conjugate pair of eigenvalues.
We notice that the eigenvalues of approximation orders differing by multiples of the periodicity are essentially on top of each other, except for the highest eigenvalues. More often than not, the highest eigenvalues are a complex conjugate pair, which settle towards their physical values only once further higher order couplings are retained. A few conclusions can be drawn from Fig. 8 : Firstly, the first few eigenvalues are remarkably stable to all orders N , including the leading complex conjugate pair. This result is at the root for the high accuracy in the estimates (4.14). Secondly, we also notice that eigenvalues remain stable provided the approximation is extended by ∆N = 8, consistent with the eight-fold periodicity pattern observed in the underlying fixed point values. Thirdly, we observe that the size of exponents grows linearly with n, roughly as ϑ n ≈ 2n for large n. The largest eigenvalues at each N are either a complex conjugate pair, or real. If the largest eigenvalues are a complex conjugate pair, they stick out in magnitude and deviate visibly from estimates for larger N for the same exponent θ n . With increasing N , however, these eigenvalues rapidly decrease, and some but not all of them turn into real eigenvalues. If the largest eigenvalue is real, its size compares well with estimates from approximations with larger N . Fig. 9 and Fig. 10 show our results for all scaling exponents including their imaginary parts in all approximations considered. In Fig. 9 , the large gray dots indicate the results for the approximation Most eigenvalues are real, and many eigenvalues never develop an imaginary part. Those which do show a stronger dependence on the approximation order, except for the smallest complex conjugate pair ϑ 0,1 which is confirmed to be remarkably stable. The imaginary parts of the subleading pairs ϑ 4,5 and ϑ 7,8 have varied more strongly with the order of the approximation. For some of the higherorder eigenvalues such as the pair ϑ 33,34 , the order of our approximation is not yet good enough to settle whether these will come out real or complex in the asymptotic limit N → ∞. In Fig. 10 the convergence of scaling exponents in the complex plane is made transparent for all 4 ≤ N ≤ 35. From order to order, the small eigenvalues start converging rapidly. The higher eigenvalues are often a complex conjugate pair, and with increasing order these either settle to complex values, or bifurcate into real ones. Evidently, there are no large jumps or discontinuous changes in the order-by-order development of the eigenvalue spectrum. In Fig. 11 we display the angles
between real and imaginary part of all eigenvalues in (4.9) for all approximation orders N . The majority of eigenvalues is real with φ = 0. The leading complex conjugate pair ϑ 0,1 occurs under an angle of φ ≈ ±π/4. The angle converges visibly fast with increasing N . The next-to-leading and the next-to-next-to-leading complex conjugate pairs ϑ 4,5 and ϑ 7,8 appear with angles close to ±π/3 and ±π/8, respectively. Their convergence is much slower though. We conclude that the overall convergence of exponents is quite good. The largest eigenvalues per approximation order can probably not be trusted quantitatively if these are a complex conjugate pair.
E. Interactions and degenerate scaling
We briefly comment on the appearance of complex conjugate pairs of scaling exponents. The matrix M in (4.3) is in general a non-symmetric real matrix, and therefore some of its eigenval- ues may become complex. At the asymptotically safe fixed point in f (R) quantum gravity, we find several such complex conjugate pairs of exponents, including the pairs ϑ 0,1 , ϑ 4,5 , and ϑ 7,8 which persist systematically even to high approximation order. One may wonder whether complex eigenvalues are a stable characteristic of fixed point gravity or limitations of our approximations. Here, we wish to point out that complex eigenvalues indicate, prima facae, a degeneracy within the coupled system at criticality, which can be understood as follows. In the limit of vanishing interactions, the matrix M becomes diagonal, and its eigenvalues real
Interactions are responsible for the occurrence of off-diagonal entries of the matrix M . If the eigenvalues remain real (and non-degenerate), then two linearly independent eigenperturbations can unambiguously be distinguished by their decay (or growth) rate with RG scale. On the other hand, if some of the interaction-induced off-diagonal entries happen to be numerically large, the stability matrix (4.3) can develop complex conjugate pairs of eigenvalues
As a consequence, the RG scaling of two linearly independent eigenperturbations becomes entangled, to the extend that their envelope decay (or growth) rate with RG scale is governed by exactly one and the same universal index, the real part of their eigenvalue
The sole difference between these eigenperturbations then relates to a relative phase, controlled by the eigenvalue's imaginary part, which thereby serves as a measure for the entanglement: the larger |Im ϑ| the larger the entanglement between eigenperturbations, and vice versa. The presence of a complex eigenvalue thus implies that the leading behaviour of the associated eigenperturbations is exactly the same, with differences related to phase shifts appearing at subleading level. It is conceivable that degeneracies are lifted through additional interactions, neglected in the present approximation. In fact, adding more interaction terms can reduce large off-diagonal entries of the stability matrix into smaller ones, leading to the occurrence of real exponents within the larger system of couplings. Known examples which lift the degeneracy of ϑ 0,1 include EinsteinHilbert gravity in higher dimensions [33, 34] , the inclusion of fourth order derivative couplings [59] , extended ghost interactions in Einstein-Hilbert gravity [60] , or the inclusion of matter fields. More work is required to decide whether complex scaling exponents survive in the physical theory, or whether they arise due to our approximations by eg. neglecting other interaction terms.
V. NON-PERTURBATIVE BOUNDARY CONDITIONS
In this section, we test the stability of the fixed point solution against variations of the boundary condition (3.17) , and put forward the idea of self-consistent boundary conditions.
A. Boundary conditions
Thus far we have identified fixed points and their eigenvalues by increasing the order of expansion one by one, achieving a coherent picture for a non-trivial UV fixed point with the help of free boundary conditions
for the fixed point search. The stability in the fixed point coordinates with increasing order confirms that we have identified one and the same underlying fixed point at each and every order in the expansion.
To clarify the role of the boundary condition (5.1) we perform the fixed point search at order N by using a one-parameter family of boundary conditions which are informed by the nonperturbative fixed point values (3.27), namely
Here, the numbers λ np i stand for the non-perturbative values of the higher order couplings which are not part of the RG dynamics at approximation order N . In other words, we use the asymptotic estimates (3.27) as input. More generally, boundary conditions such as (5.2) could be interpreted as the presence of an external non-dynamical gravitational background field without any quantum dynamics of its own. The free parameter α is then used to interpolate between the original 'free' boundary condition (3.17) (α = 0) adopted initially to detect the fixed point, and an improved boundary condition where the choice for the higher order couplings is guided by the by-now known non-perturbative result (α = 1) obtained from the α = 0 search. For notational simplicity, we refer to results achieved at approximation order N with boundary condition (5.2) as the 'N α -approximation'. In this convention our results in Tab. I correspond to the N ≡ N α=0 approximation.
From the point of view of the RG flow, the boundary condition (5.2) with α = 1 means that we splice non-perturbative information originating from higher orders back into a smaller sub-system of relevant couplings. The boundary condition then acts like a 'non-perturbative background' generated from non-dynamical higher-order couplings. Evidently, by virtue of the exact recursive relations amongst the fixed point couplings (3.15), we find that the fixed point coordinates in any of the approximations N α=1 are given exactly by the asymptotic values (3.27) . Hence, the primary effect of the non-perturbative boundary condition is to re-align the fixed point coordinates with those achieved for asymptotically large approximation order.
A secondary effect relates to the impact of the non-dynamical higher order couplings on the universal scaling exponents for the dynamical couplings. This can be seen as follows. At approximation order N max , the stability matrix M is a N max × N max matrix. In the full theory the model contains infinitely many couplings N max → ∞, and the stability matrix M (4.3) would formally become infinite-dimensional. Suppose now that we only wish to retain N < N max couplings as dynamical ones, but that we have some information about fixed point values for the remaining non-dynamical couplings λ i with N < i ≤ N max . The full stability matrix then decomposes as
into submatrices A, B, C and D. Here, A is the N ×N sub-matrix corresponding to the N retained 'dynamical' couplings. The entries of the (N max − N ) × N matrices B and C T decode the mixing between the 'dynamical' and the 'non-dynamical' couplings. Finally, the (N max − N ) × (N max − N ) matrix D mainly encodes the mixing of the suppressed couplings amongst themselves. At approximation order N , the eigenvalues of M reduce to those of the matrix A, and the admixture due to B, C and D is neglected. The eigenvalues of A, however, are still informed by all fixed point couplings λ n up to n = N + 2, including non-dynamical ones. As such, the eigenvalues of the matrix A are sensitive to the boundary condition such as (5.2) imposed on the non-dynamical couplings.
B. Effects of non-dynamical higher-order couplings
Next we analyse this effect quantitatively for the case with three and four dynamical couplings. We start with N = 3. We recall the result in the N α=0 = 3 approximation, where the exponent θ 2 deviates substantially from the asymptotic value, θ = 1.3765 θ = 2.3250 θ 2 = 26.862 .
(5.4)
Adopting now the improved boundary condition as described above, we find for N α=1 = 3 the scaling exponents θ = 3.0423 θ = 2.0723 θ 2 = 1.3893 . The effect is substantial. Most notably, the exponent θ 2 in (5.5) is vastly different from its value at N 0 = 3, (5.4), and all three values (5.5) are now significantly closer to the asymptotic ones (4.14). Quantitatively, at order N 0 = 3 the exponents (θ , θ 2 ) differ from the asymptotic ones (4.14) by about (50%, 1700%). This is reduced to (15%, 15%) as soon as the correct background values for the non-dynamical couplings are retained, (5.5). The universal phase θ stays within 5% throughout. The remaining difference between (5.5) and (4.14) is due to the fact that the RG dynamics of higher order couplings is not taken into account in the former, encoded in the matrices B, C and D in (5.3) . Empirically, we conclude that only about 15% of the scaling exponents' values is attributed to the dynamics of all higher order interactions. Conversely, about 85% of their values is due to the dynamics of the three leading couplings, in conjunction with the correct fixed point value for non-dynamical higher order couplings.
We now turn to the next approximation order, N = 4. The results for N α=0 = 4, given in Tab. I, are already closer to the high-order result than those for N α=0 = 3, owing to the presence of the R 3 interaction. Therefore, we may expect that an improved boundary condition which now affects the non-dynamical R 4 and R 5 couplings should only lead to small modifications. Quantitatively, for N α=1 = 4, we find θ = 2.9010 θ = 2.3042 θ 2 = 1.8336
This should be compared with the approximation N α=0 = 4 given in Tab. I, and with the asymptotic values (4.14). Already at this order, the effect is less pronounced. It is very encouraging that the dynamical effect of the higher-order interactions only leads to a comparatively small quantitative shift with respect to (5.5), without affecting the qualitative result. The results (5.5), (5.6) also establish that the fixed point of the system is already carried reliably by a low-order approximation, provided the boundary condition is informed by the fixed point coordinates to high order. This pattern persists to higher N .
C. Continuity in the boundary condition
At low order in the approximation order N , in particular at N α=0 = 3, the coordinates and scaling exponents deviate more strongly from their asymptotic value. This raises questions as to whether these solutions are spurious rather than images of the physical fixed point, and whether there are ways of improving the low-order results. To answer this question, we assess the continuity of our results subject to the boundary condition. We vary α over some range, 0 ≤ α ≤ 2 to understand how strongly the scaling exponents are affected by the boundary condition. Our results to order N = 3 in the approximation are given in Fig. 12 . We note that all three exponents vary strongly with α close to the boundary condition (3.17) , and up to α < 1/2, but substantially less so once α > 1/2. Interestingly, this result also establishes that the fixed point at order N α=0 = 3 is in fact continuously connected with the improved result N α=1 = 3. Most importantly, the relative variations with α are small,
We conclude that imposing self-consistent boundary conditions, provided they are available, improves the solution for the low order couplings and scaling exponents. The corresponding results for N = 4 are shown in Fig. 13 . We note that the fixed point coordinates depend weakly on α. In addition, the universal eigenvalues show a weak and smooth dependence on α, and the value α = 1 is not distinguished. We conclude that the fixed point is stable under variations of the boundary condition imposed on the higher-order couplings. These results establish the self-consistency of the fixed point solution established here.
D. Discussion
We briefly discuss our results in the light of earlier findings [31, 37, 61, 62] . With increasing approximation order, we have established that the perturbatively marginal R 2 coupling shows a much slower rate of convergence than the perturbatively relevant and some of the perturbatively irrelevant couplings. In fact, roughly N ≈ 24 orders in the Ricci scalar are needed to ensure that the R 2 coupling stays within 5% of its large-N estimate. The R 0 , R 1 , R 3 and R 4 couplings, for comparison, achieve the same level of accuracy starting already at the much lower orders N = 4, 4, 12 and 16, respectively. The comparatively slower convergence of the R 2 coupling is related to its vanishing canonical mass dimension, and also to the underlying eight-fold periodicity pattern, highlighting again the importance of a high-order study. A side effect of this is the occurrence of a numerically large eigenvalue θ 2 in (5.4) at approximation order N = 3. This has been observed in earlier studies [31, 37, 61, 62] which have retained the same operator content (up to including R 2 invariants), irrespectively of the finer details of the implementation of the RG flow. This is now understood as an artefact of the boundary conditions (3.17) adopted for the fixed point search. The use of improved boundary conditions without otherwise changing the approximation already proves sufficient to stabilise both the fixed point coordinate and the exponents. Comparing the improved low-order result (5.5) with the high-order results in Fig. 7 , we have established that the eigenvalues settle at values much closer to their N → ∞ extrapolation without the necessity of introducing fully dynamical higher order invariants into the action.
VI. BOOTSTRAP FOR ASYMPTOTIC SAFETY
In this section, we discuss our results in the light of the asymptotic safety conjecture for gravity and a bootstrap test put forward in [1] .
A. Asymptotic freedom
In asymptotically free theories with a trivial UV fixed point such as QCD, the canonical mass dimension of invariants in the fundamental action dictates whether the corresponding couplings are relevant, marginal, or irrelevant at highest energies. Then, standard dimensional analysis can be applied to conclude that operators with increasing canonical mass dimension will become increasingly irrelevant in the UV. Stated differently, for asymptotically free theories the set of universal eigenvalues
is known a priori, and given by the Gaussian values. The before-hand knowledge of the set (6.1), and, therefore, the fundamental action and its relevant or marginal free parameters, is at the root for reliable approximation schemes for asymptotically free theories, eg. those used in perturbative or lattice QCD. If quantum Einstein gravity were asymptotically free, its Gaussian values would simply be given by (3.6), modulo mulitplicities.
B. Asymptotic safety
In the absence of asymptotic freedom, residual interactions at highest energies become important. Quantum scale invariance can be achieved provided the theory develops a non-trivial UV fixed point. However, a perturbative operator ordering according to canonical mass dimension can no longer be taken for granted and the set of relevant, marginal, and irrelevant operators will be modified. Unlike for asymptotic free theories, and in the absence of further information about the nature and structure of these interactions, the set of universal eigenvalues at an asymptotically safe UV fixed point
is not known a priori. Any set of eigenvalues (6.2) whose subset of negative eigenvalues remains finite would be in accord with the principles of the asymptotic safety conjecture. In turn, the fixed point theory could lose its predictive power if infinitely many eigenvalues changed their sign in the step from (6.1) to (6.2) due to quantum corrections. We conclude that the feasibility of an asymptotic safety scenario necessitates that invariants with a sufficiently large canonical mass dimension remain irrelevant even at an asymptotically safe UV fixed point [2] .
C. Bootstrap hypothesis
The observation that an interacting quantum theory may, potentially, develop many ways to become asymptotically safe leads to a lack of a priori information about the relevancy or irrelevancy of operators and their eigenvalues (6.2). In practice, tests for asymptotic safety with lattice or continuum methods are often bound to a finite set of invariants {O i } retained in the fundamental action. If the theory displays RG fixed points, these necessarily will have finitely many relevant eigendirections (6.2). How can we then be certain that this approximate study provides us with a reliable snapshot of the physical theory? We would need to know whether further invariants, eg. some of those not retained in the study, will not lead to new relevant directions. This dilemma is by no means generic to asymptotic safety of gravity. This conceptual challenge arises whenever perturbatively non-renormalisable theories are tested for their non-perturbative renormalisability, including non-gravitational ones, eg. non-linear σ-models and Gross-Neveu models in more than two space-time dimensions, and QCD in more than four space-time dimensions.
In [1] , we have proposed to circumnavigate this dilemma with the help of a bootstrap. The idea is to compensate, at least partly, the lack of a priori information for (6.2) by a working hypothesis for the operator ordering at an interacting fixed point. We will assume that
• the relevancy of invariants at an interacting fixed point continues to be governed by the invariant s canonical mass dimension .
3)
The hypothesis is trivially true for an asymptotically free fixed point. By continuity, we expect that this persists even in the interacting theory, at least for invariants with a sufficiently large canonical mass dimension. This point of view relates with an observation made in [2] : there, it has been argued to be unlikely that invariants with a large canonical mass dimension will become relevant at an asymptotically safe fixed point, because quantum corrections would have to be strong enough to revert the sign of increasingly large canonical mass dimensions. On the other hand, it is expected that low order eigenvalues become strongly modified, including changes of signs, as a consequence of interactions. The main benefit of a physically motivated working hypothesis such as (6.3) is that it can be put to the test by using the canonical mass dimension of invariants as the ordering principle [1] . If the hypothesis is confirmed from order to order in an expansion in the canonical mass dimension of invariants, this would strengthen the view that the fixed point is a stable property of the theory, even beyond those orders studied explicitly.
D. Testing asymptotic safety
In Fig. 14 we summarize the evidence in support of the working hypothesis (6.3). We display the order-by-order variation of eigenvalues in the following manner. Each line D i in Fig. 14 for i = 1 to 33, shows the eigenvalue set (4.11) -the diagonals of the eigenvalue matrix T introduced in (4.8) -thus showing the i th largest eigenvalue from all approximation orders N which have at least N max + 1 − i eigenvalues. For example, the left-most line D 1 connects, from top right to bottom left, the largest eigenvalue at approximation order N max with the largest at order N max −1, and so on, decreasing in steps of ∆N = ∆x = 1. The base points for the sets D i are located at x(N max ) = 31 + 3i for better display. The working hypothesis states that the addition of an invariant with a new largest canonical mass dimension should result in the appearance of a new largest eigenvalue, larger than those encountered at lower orders in the approximation. If realised in the data, this pattern requires that all curves in Fig. 14, on average, should rise from order to order (with increasing x). This is confirmed from the data: the positive slope of all curves D i indicates that the working hypothesis is satisfied. In particular for all curves from D 3 onwards this pattern is very stable, except for a few sideward variations, which occur precisely when a complex eigenvalue settles in the spectrum. Then, as discussed in Sect. IV E, their real parts become degenerate. The stronger variation in the largest and second largest eigenvalue sets D 1 and D 2 can also be understood. These are related to the fact that the largest eigenvalues, more often than not, come out as a complex conjugate pair. When this happens, as detailed in Sect. IV D, these eigenvalues are often not reliable quantitatively, and the presence of more couplings is required before these start converging towards their asymptotic values. From the data, this already happens visibly from the set of third largest eigenvalues D 3 onwards. We conclude that the fixed point is self-consistent in the sense coined above. 
VII. NEAR-GAUSSIANITY
In this section, we discuss the large-order behaviour of universal eigenvalues.
A. Large-order behaviour
Expanding the analysis given in [1] , we show in Fig. 15 the sets of all eigenvalues from all approximation orders (4.8) on top of each other. We find that the eigenvalues ϑ n vary by about 20% due to the inclusion of higher order invariants with N > n + 1. As already noted earlier, the largest deviations from the best estimate (N = 35) arise from those lower-order approximations for which the largest eigenvalues are a complex conjugate pair. These, however, then stabilise rapidly with increasing approximation order. Fig. 15 also confirms the good numerical convergence of exponents for all n. Most interestingly, we also observe that the real part of the asymptotically safe exponents become near-Gaussian [1] . To see this more quantitatively, we have performed in [1] a least-square linear fit of the real parts of the eigenvalues per approximation order in the form
for 24 data sets with 11 ≤ N ≤ 34. For each of these fits, we omit the two largest values for the reasons detailed earlier. We also omit the first few lowest exponents, as these may not yet display the large-n asymptotics. We find that the correlation coefficients are very close to one for the fits of all data sets, supporting the applicability of the parametrisation (7.1). We have also tested fits to higher polynomials in n, finding that the coefficients for the non-linear terms are negligible.
The non-perturbative coefficients in (7.1) at the ultraviolet fixed point come out as [1] a UV = 2.17 ± 5% b UV = 4.06 ± 10% ,
where the error estimate, roughly a standard deviation, arises from the average over data sets [20] . Fig. 15 shows all data sets including the fit (7.1), (7.2) within its estimated errors, indicated by The overlay of all data sets for the universal scaling exponents ϑ n (N ) for 2 ≤ N ≤ 35 [1] , amended by the fit for the large-order behaviour (7.1), (7.2) including estimated errors (shaded area).
the shaded area. Classically, the universal eigenvalues would take Gaussian coefficients
The differences between (7.2) and the Gaussian coefficients (7.3) serve as an indicator for the nonperturbative corrections due to asymptotically safe interactions. Our results establish that the UV scaling exponents remain near-Gaussian at high orders. The off-set b UV is compatible with the classical value, though with a slight bias towards larger values, whereas the slope a UV comes out larger than the Gaussian slope. It is tempting to speculate that this may be a consequence of the smallness of Newton's coupling at an ultraviolet fixed point. The smallness of the estimated error in the coefficients (7.2) has the additional benefit that it permits an extrapolation of the result (7.1) towards higher n. In particular, our results indicate that even higher order invariants of the form √ gR M −1 with M > N max will only add increasingly irrelevant eigendirections at the UV fixed point. These observations also show that the search for asymptotically safe fixed points can reliably be limited to a finite polynomial basis of curvature invariants.
B. Eigenvalue shifts
The near-Gaussianity of large-order eigenvalues can be made more precise. In Fig. 16 , we show a semi-logarithmic plot for the relative shift of the eigenvalues away from Gaussian values, introducing
The colour-coding of the data shows the trend that |v n (N )| decreases with increasing N . Based on the data up to 1/N max ≈ 0.03, we conclude that (7.4) resides in the 10-20% range, decreasing with increasing n. In addition, we estimate the asymptotic behaviour of (7.4) by taking the average values for each n over all approximation orders N . These are indicated in Fig. 16 by green dots and connected with a green line to guide the eye. The mean values show a much smoother dependence on n, slowly decaying with increasing n. Their envelope is characterised by four maxima which are fitted very well by a simple exponential,
In Fig. 16 , the envelope of mean values (7.6) is shown by a black dashed line. All mean values from n > 5 onwards, and most entries from the high-order data sets, are below the envelope. Quantitatively, we have v = 0.220 ± 0.003 n e = 46.68 ± 0.92 .
The significance of (7.6) with (7.7) is as follows. The parameter v is a measure for the mean relative variation in (7.4) at low n, and the parameter n e states at which order the relative variation becomes reduced by a factor of e. With N max /n e ≈ 3 4 , the reduction at N max is by a factor of 1 2 , consistent with (7.5). The new piece of information here is that the data shows a consistent, albeit slow, asymptotic decay towards near-Gaussian values. If this pattern persist to higher orders, extrapolation of (7.6), (7.7) predicts that v n (N ) → 0 (7.8)
for sufficiently large n, and 1/N → 0. This is interesting inasmuch as near-Gaussian eigenvalues are not mandatory for the asymptotic safety conjecture to apply. For example, deviations such as (7.5), or even more substantial modifications of eigenvalues up to v n (N ) < 1 (7.9) : Shown isθ n , the largest real eigenvalue at approximation order N = n + 1, as a function of n and in comparison with the Gaussian eigenvalues ϑ G,n (full line). Crossed circles (full dots) indicate that ϑ n arises as the (third) largest real eigenvalue at polynomial approximation order N = n + 1, see (7.10) .
at large orders would still be compatible with asymptotic safety. In this sense, in our gravity model the quantum modifications of the high-order eigenvalues at the fixed point are moderate. It is then conceivable that asymptotic safety persists under the inclusion of further curvature invariants beyond those studied here.
C. Origin of near-Gaussianity
The appearance of near-Gaussian eigenvalues at large orders despite of a non-trivial, interacting, fixed point is quite intriguing. Here, we want to shed some light into its origin. In Figs. 6 and 8 we already observed that, at fixed approximation order N , at least one of the three eigenvalues ϑ N −1 , ϑ N −2 , and ϑ N −3 is real. The largest real eigenvalue is then either ϑ N −1 or ϑ N −3 . If the eigenvalues with the largest real part are a complex conjugate pair ϑ N −1 = ϑ * N −2 , their values are numerically less reliable as these change visibly for approximation orders > N . On the other hand, if ϑ N −1 is real, it appears to only change mildly compared to approximation orders > N . Therefore one may suspect that the largest real eigenvalue within each set of eigenvalues (4.9) is already a good estimate for the physical eigenvalue.
Specifically, we wish to check whether the physical eigenvalue ϑ n for large n is already wellapproximated by the largest real eigenvalue at approximation order N = n + 1, which is the lowest approximation order at which a non-zero eigenvalue ϑ n (N ) = ϑ N −1 (N ) arises in the spectrum. We denote this eigenvalue asθ
(7.10)
Empirically, as already mentioned,θ n is then either ϑ N −1 or ϑ N −3 in the set of eigenvalues T N (N = n + 1); see (4.9). In Fig. 17 we display (7.10) as a function of fixed n = N − 1 from which it had been taken. Crossed circles indicate that the eigenvalue defined in (7.10) isθ n = ϑ N −1 of the set T N , whereas full dots indicateθ n = ϑ N −3 and hence the existence of a complex conjugate pair of eigenvalues with a larger real part.
We first compareθ n for different approximation orders n = N −1 with the Gaussian eigenvalues ϑ G,n (3.6), shown by the full line in Fig. 17 . For low values of n, the largest real eigenvalueθ n differs slightly from ϑ G,n . For larger n, both lines are on top of each other at the percent level and below, showing thatθ n ϑ G,n → 1 (7.11) for 1/n → 0. Hence, all eigenvalues (7.10) are near-Gaussian. Next we keep n fixed but increase the approximation order to N 1 > N = n + 1. We recall from the previous subsections that the results for ϑ n (N 1 ) from high enough approximation orders N 1 are also approaching near-Gaussian values, eg. (7.8) . Numerically, the inclusion of further operators results in a 10-20% shift once the underlying higher-order couplings have settled. The extrapolations (7.8) and (7.11 ) of the full data shows that these deviations decrease even further, ϑ n ≈θ n (7.12)
for sufficiently large n, beyond N max studied here. We conclude thatθ n in (7.10) is a good estimate for ϑ n , already on the 10-20% level for the approximations studied here, and, also in view of (7.12), increasingly better with increasing n.
VIII. CONCLUSIONS
We have put forward a detailed systematic search for asymptotically safe fixed points in fourdimensional quantum gravity for actions which are high-order polynomials in the Ricci scalar [1] . Evidence for asymptotic safety is found order by order in a polynomial expansion of the action up to including 34 powers in the Ricci scalar, corresponding to N = 35 independent curvature invariants, thereby exceeding earlier investigations [36, 37, 39] by more than twenty powers in the curvature scalar. The N → ∞ limit has also been performed for the first time. Fixed points and scaling exponents are stable, and the results predict a three-dimensional critical surface of couplings with non-Gaussian exponents, and near-Gaussian scaling exponents related to invariants with a large canonical mass dimension.
Our findings also show that quantum scale invariance of gravity in the UV can be tested self-consistently by means of a bootstrap [1] , despite of the facts that neither a small expansion parameter has been identified, nor that the set of scaling exponents is known a priori (Fig. 14) . It is thus safe to assume that the canonical mass dimension of invariants controls the relevancy of operators even at an interacting fixed point. This pattern is expected to hold true for actions with more complicated curvature invariants. We have also found structural hints for the near-Gaussian behaviour of eigenvalues, Fig. 17 . If this is a property of the full quantum theory, it may be feasible to identify a small parameter underneath the mechanism for asymptotic safety. This is left for future work. On the technical side, we have put forward powerful algebraic and numerical methods to find exact expressions for fixed point candidates. The technique is quite general, and can be exploited even beyond the models studied here.
Our work can be expanded in several directions. First and foremost, it is mandatory to study quantum gravity beyond the tensor and momentum structures retained here, possibly including non-local invariants [63, 64] . It will also be important to study extensions of functional RG flows beyond the present levels of approximation. Of particular interest is the disentanglement of background and fluctuation fields [65] , as first quantified in [52, 66, 67] for scalar and gauge theories. Some of this has recently been implemented in [68] , and for Einstein-Hilbert gravity in [60, [69] [70] [71] [72] . More work is required to exploit this for the theories considered here. Equally interesting are recent ideas to exploit convexity properties of the gravitational action [73] , which may help to simplify the systematics.
In this section, we provide the explicit RG equations adopted in this paper. We recall the dimensionless version of the RG flow (2.14),
The RHS encodes the contributions from fluctuations and arises from the operator trace (2.3) over all propagating fields. It generically splits into several parts,
The additional flow terms proportional to ∂ t f (R) and ∂ t f (R) arise through the Wilsonian momentum cutoff ∂ t R k , which we have chosen to depend on the background field. [37] ) and on the regulator choice (with the optimized cutoff [18, 19] ). With these considerations in mind, we write the various ingredients in (A1) as
In our conventions, the numerical prefactor reads c = 1/(24π). It arises from our normalisation factor 16π introduced in (2.13), divided by the volume of the unit 4-sphere, 384π 2 . Note that the factor is irrelevant for the universal exponents at the fixed point. The first two terms in (A3) arise from the vector (V) and scalar (S) parts of the ghosts and Jacobians, while the third and fourth arise from the tensorial (T ) and scalar (S) metric fluctuations, respectively. Both (A4) and (A5) only have contributions from the tensorial and scalar metric fluctuations. The various denominators appearing in (A3), (A4) and (A5) are given by the f -dependent terms
and the f -independent terms 
The various terms P in the numerators of (A3), (A4) and (A5) are polynomials in R. They arise through the heat kernel expansion of the traces, and are given by 
From the explicit expressions it is straightforward to confirm that I 0 [f ] has homogeneity degree zero in f , due to the f -independent terms (A8) and (A9). Furthermore, the prefactor R · P S3 0 of f in (A3) given in (A16) vanishes for real R at R = −9.99 855 · · · , R = 0 , R = 2.00 648 · · · .
(A22)
The point R = 0 is uncritical for our purposes. The other points will require some fine-tuning to extend a well-defined fixed point solution from small fields to arbitrary large fields. Note that the existence of these requirements also relates to technical choices of our approximation.
Finally, we also provide the defining equations for eigenperturbations at a non-trivial fixed point, as required for the study in Sec. IV A. We consider small perturbations δf about the fixed point solution f = f * with ∂ t f = 0 to find the differential equation
for the eigenperturbations δf to linearised order. Here, the nth order differential operators E n are given by
